Abstract. In this paper, we will prove the Weyl's law for the asymptotic formula of Dirichlet eigenvalues on metric measure spaces with generalized Ricci curvature bounded from below.
Introduction
One of most fundamental theorems in spectral geometry is the Weyl's law [18] , which states that, on any closed n-dimensional Riemannian manifold (M n , g), we have a leading asymptotic
where λ j , 1 j < ∞, are the eigenvalues of Laplace-Beltrami operator ∆ on (M n , g), and N(λ) is the spectral counting function N(λ) := #{λ j ∈ Spec(∆), λ j λ}, and ω n is the volume of unit ball in R n , and vol g (M n ) is the volume of M n . If Ω ⊂ M n is a bounded domain in (M n , g) with smooth boundary, then the same asymptotic formula holds for the Dirichlet (or Neumann) eigenvalues, by replacing vol g (M n ) by vol g (Ω).
It has a wide range of interests about the extensions of Weyl's law, (see, for examples, [42, 43, 39] and a survey [31] ). In particular, on a weighted Riemannian manifold with Bakry-Emery Ricci curvature bounded from below, if the density µ := f · vol g is smooth, and is bounded away from 0 and ∞, then it was shown by E. Milman in [39] that the classical Weyl's law still holds for weighted Laplacian ∆ µ := ∆ + ∇ ln f , ∇ .
In this paper, we will extend this classical result to non-smooth settings. To formulate our main result, we need to introduce some notations. Let (X, d, µ) be a metric measure space (a metric space equipped a Radon measure). A synthetic notion of lower Ricci bounds on (X, d, µ) was introduced in the pioneering works of Sturm [48, 49] and Lott-Villani [37, 38] . Nowadays, many important developments were given in this field (see [5, 2, 10, 4, 11, 20, 14, 21, 41, 30, 32] and so on). In particular, to rule out the Finsler spaces, an improvement notion, RCD(K, ∞)-condition, was introduced by Ambrosio-Gigli-Savaré in [4, §5] . The finitely dimensional case, RCD(K, N), was given by Gigli in [21, 22, §4.3] , and a splitting theorem for RCD(0, N)-space was proved by Gigli [21] . The parameters K and N play the role of "Ricci curvature K and dimension N". Very recently, Ambrosio-Gigli-Savaré [5] , Erbar-Kuwada-Sturm [20] and Ambrosio-Mondino-Savaré [10] introduced a Bakry-Emery condition BE, which is a weak formulation of Bochner inequality. They proved in [10, 20] that the condition BE(K, N) is equivalent to the (reduced) Riemannian curvature-dimension condition RCD * (K, N) for constants K ∈ R and N 1. In [13, Theorem 1.1], Cavalletti-Milman showed that the condition RCD * (K, N) is equivalent to the condition RCD(K, N) provided the total measure µ(X) < ∞.
Let (X, d, µ) be a metric measure space satisfying RCD * (K, N) for some K ∈ R and N ∈ [1, ∞). For any bounded domain Ω ⊂ X, according to [15, 46, 5] , the Sobolev spaces W 1,p (Ω), 1 p ∞, are well defined. Moreover, the space W 1,2 (Ω) is a Hilbert space ( [5, 22] ). The Cheeger energy over Ω (Ω)) is associated with a self-adjoint operator ∆ Ω . If diam(Ω) diam(X)/a for some a > 1, then the Rellich's compactness theorem holds (see [12, 23, 27] ), and hence the operator (Id − ∆ Ω ) −1 is compact. The classical spectral theorem implies that Dirichlet spectrum is discrete, denoted by 0 < λ
· · · , j ∈ N. Our main result in this paper is the following Weyl asymptotic formula for these Dirichlet eigenvalues: Theorem 1.1. Let (X, d, µ) be a metric measure space satisfying RCD * (K, N) for some K ∈ R and some N 1. Suppose that the measure µ and the N-dimensional Hausdorff dimension H N are mutually absolutely continuous. Namely, µ ≪ H N ≪ µ. Let Ω ⊂ X be a bounded domain of X such that diam(Ω) diam(X)/s for some s > 1. Then N is an integer and it holds the asymptotic formula:
where N Ω (λ) := #{λ Ω j : λ Ω j λ}.
Remark that the RHS of (1.1) does not depend on the measure µ. Theorem 1.1 is a consequence of Theorem 4.6, a more general result on RCD * -spaces. In the case of a smooth Riemannian manifold (M, g) of n-dimension with the Riemannian volume µ := vol g , the relation (1.1) recovers the classical Weyl's law.
Let us look at the case of an n( 2)-dimensional Alexandrov space (X, d) with the Hausdorff measure H n , and with curvature k for some k ∈ R. It was proved [44, 52] that (X, d, H n ) satisfies RCD * ((n − 1)k, n). From Theorem 1.1, we have the following consequence.
Corollary 1.2. Let Ω be a bounded domain in an n-dimensional Alexandrov space (X, d, H n ). Then we have the Weyl's law
Another consequence is that the Weyl's law also holds for noncollapsing limit spaces in the sense of Cheeger-Colding. More precisely, if (X, d, µ) is a measured Gromov-Hausdoff limit space of a sequence of pointed Riemannian manifolds (M j , g j , p j ) with Ric M j K, dim(M j ) = n, vol g j (B 1 (p j )) v 0 > 0, then the Weyl's law (1.2) still holds. This case has been already proved by Ding in [19] .
Recalling that in the proof of the Weyl's law on smooth setting, a key ingredient is a uniformly small time asymptotic behaviour of heat trace H(t, x, x) via the parametrix of heat kernels. However, the construction of the parametrix on smooth manifolds does not work on singular metric measure spaces. To deal with this lack of the parametrix, we shall get the small time asymptotic behavior via the (locally) uniform convergce of Dirichlet heat kernels living on a converging sequence of metric measure spaces in the sense of pointed measured Gromov-Hausdorff topology, as in [19, 51, 23] .
As a byproduct, we show a local spectral convergence on RCD * (K, N)-spaces, which is of independent interesting (See Theorem 3.8). 
Now we consider the balls B 1 (p j ) (= X j ). It is clear that B 1 (p j ) converge to B 1 (p ∞ ) = (−1, 1) in the sense of Gromov-Hausdorff, as j → ∞. However, we remark that
On the other hand, it is obvious that the first Dirichlet eigenvalue of B 1 (p ∞ ) is λ 1,∞ = π 2 /4 (with eigenfunction f (t) = cos(πt/2)). 
where k is the largest integer k such that µ(R k ) > 0, and the R k is the pieces in the decomposition in [40] . See also the constant k max in Theorem 4.6.
(2) In another independent work [7] by L. Ambrosio and S. Honda, they get that the same local spectral convergence result in Proposition 1.3 holds if and only if the following analytic condition holds:
Organization of the paper. In Section 2, we will provide some necessary materials about RCD * (K, N) metric measure spaces and heat kernels on metric measure spaces. In Section 3, we will prove the locally uniformly convergence of heat kernels for a sequence of converging metric measure spaces. The main result Theorem 1.1 will be proved in Section 4. At last, for the convenient of readers, we will give an appendix to introduce the dominated convergence theorem and Fatou's lemma for functions living on pmGH-converging metric measure spaces.
Riemannian curvature-dimension conditions RCD*(K,N).
Let (X, d, µ) be a metric measure space. We denote by P 2 (X, d) the L 2 -Wasserstein space over (X, d), i.e., the set of all Borel probability measures ν with
where the infimum is taken over all couplings q of ν 1 and ν 2 , i.e., Borel probability measures q on X × X with marginals ν 0 and ν 1 . The relative entropy is a functional on P 2 (X, d), defined by
if ν = ρ · µ is absolutely continuous w.r.t. µ and (ρ ln ρ) + is integrable. Otherwise we set Ent(ν) = +∞. Let
) be the subset of all measures ν such that Ent(ν) is finite. We set the function 
Given a locally Lipschitz continuous function f on X, the pointwise Lipschitz constant ( [15] ) of f at x is defined by
and Lip f (x) = 0 if x is isolated. It is clear that Lip f is µ-measurable. The Cheeger energy, denoted by Ch :
where the infimum is taken over all sequences of Lipschitz functions ( f j ) j∈N converging to f in L 2 (X). In general, Ch is a lower semi-continuous convex functional. Several equivalent definitions for Riemannian curvature-dimension condition were introduced in [4, 20, 10, 21, 22] . In this paper, we adapt the following notions for the convenience. [49, Remark 5.3] ) states that for any p ∈ X and any 0 < r < R,
where the function s k (τ) is given by
Let (X, d, µ) be a metric measure space with RCD * (K, N) for some K ∈ R and N 1. We summarize some basic properties in [49, 4, 1, 20] as follows:
) is a locally compact length space, i.e., for any p, q ∈ X, there is a shortest curve joined them; • (X, d, µ) has a local measure doubling property on each ball B R (x) ⊂ X. Moreover, we have that, for all 0 < r < R, 
2.2. Sobolev spaces, local Dirichlet heat kernels and Dirichlet eigenvalues. Several different notions of Sobolev spaces for metric measure spaces have been given in [15, 46, 5, 3, 26, 27] . In this paper, we will pay our attentions to the RCD * (K, N)-spaces for some K ∈ R and N 1. In the case, the notions of Sobolev spaces in [15, 46, 5, 3] coincide each other (see, for example, [5, 3] ), and they have the equivalent norms with the notion of Sobolev spaces in [26, 27] .
Let (X, d, µ) be a metric measure space with RCD * (K, N) for some K ∈ R and N ≥ 1. For an open subset Ω ⊂ X, we denote by Lip loc (Ω) (and Lip 0 (Ω)), the set of all locally Lipschitz continuous functions on Ω (and the set of all locally Lipschitz continuous functions
here and in the sequel, we denote f p := f L p . The Sobolev space W 1,p (Ω) is defined to be the completion of all locally Lipschitz continuous, f , for which f 1,p < ∞, with respect to the norm f 1,p . Given p ∈ (1, ∞), it was proved [15, 3] , for each f ∈ W 1,p (Ω), that there exists a function |∇ f | ∈ L p (Ω), called the minimal weak upper gradient, such that
We refer the readers to [15, 46, 3, 22] for further information of these Sobolev spaces.
For 1 < p < ∞, let us recall from [28] that the Sobolev p-capacity of the set E ⊂ X:
If there is no such a function f , we set Cap p (E) = ∞. It is clear that Cap p (E) = Cap p (E). An equivalent definition is given in [46] , see for instance [35, Theorem 3.4] and [47] . A property holds p-q.e. (p-quasi everywhere), if it holds except of a set Z with Cap p (Z) = 0. Since Cap p (Z) = Cap p (Z), we may assume that the except set Z is closed. A function f : X → [−∞, ∞] is called p-quasi continuous in X if for each ǫ > 0, there is a set F ǫ such that Cap p (F ǫ ) < ǫ and the restriction f | X\F ǫ is continuous. We may also assume that F ǫ is closed.
It is well-known that any W 1,p -function f has a p-quasi continuous representative (see [28] ). We will always use such a representative in this paper. In [35, Theorem 3.2] , it is proved that, for any two p-quasi continuous functions f and
Definition 2.4 ( [35] ). Let 1 < p < ∞ and E ⊂ X, a function f on E is called to belong to the Sobolev space with zero boundary values, denoted by f ∈ W 1,p
According to [ Proof. From the definition, we know that f = 0 p-q.e. in O. So it suffices to show that f = 0 p-q.e. in ∂O. We can assume Cap p (∂O) > 0. Otherwise, it is nothing to do.
We will argue by a contradiction. Suppose that there is a subset A ⊂ ∂O such that Cap p (A) > 0 and that f (x) 0 for any x ∈ A.
Taken arbitrarily ǫ ∈ (0, Cap p A/2), since f is a p-quasi continuous in X, we can find a closed set F ǫ with Cap p (F ǫ ) < ǫ and the restriction f | X\F ǫ is continuous. Noting that f = 0 p-q.e. in O, i.e., there exists a closed set Z with Cap p (Z) = 0 such that f = 0 on O\Z. We have that the restriction f | O\(F ǫ ∪Z) ≡ 0 and that
There exists a sequence {x j } ∞ j=1 ⊂ O with lim j→∞ x j = x 0 , since x 0 ∈ ∂O. Noting that F ǫ ∪ Z is closed and x 0 F ǫ ∪ Z, we know that x j F ǫ ∪ Z for all sufficiently large j. By combining the facts that f | X\(F ǫ ∪Z) is continuous at x 0 and that f (x j ) = 0 for all large j (since x j ∈ O\(F ǫ ∪ Z) for all large j), we conclude that f (x 0 ) = 0. This contradicts with x 0 ∈ A, and hence we finish the proof.
in Ω and thatf = 0 p-q.e. in X\Ω. By applying Lemma 2.5 tof and
Therefore, we get thatf = 0 p-q.e. in X\Ω. Noting thatf = f µ-a.e. in Ω ⊂ Ω, we have f ∈ W 1,2 0 (Ω), by Definition 2.4. The proof is finished. 2 In [28] , the definition of Sobolev p-capacity was given via the Sobolev norm in [26] . Meanwhile, according to [46] , the Sobolev norms in [26] is equivalent to the one in [15, 46, 3] . Therefore, the following both definitions of p−quasi everywhere and p-quasi continuity concide with the corresponding definitions in [28] . (Ω) given in [7] by Ambrosio-Honda. Let (X, d, µ) be an RCD * (K, N) metric measure space with some K ∈ R and some N 1.
Given any bounded open set Ω ⊂ X and p ∈ (1, ∞), according to [22, §4.3] , the space W 1,2 (Ω) is a Hilbert space, and for any f, g ∈ W 1,2 loc (Ω), the inner product ∇ f , ∇g is well defined in L 1 loc (Ω). In the sequel of the paper, we will always denote that
For any fixed bounded domain Ω ⊂ X, we consider the canonical Dirichlet form (E Ω , H 1 0 (Ω)), where
This canonical Dirichlet form is strongly local and regular (see, for example, the proof of [4, Lemma 6.7] ). Indeed, the strong locality is a consequence of the locality of minimal weak upper gradients and the regularity comes from the density of Lipschitz functions in
, is a non-positive definite self-adjoint operator, and the associated analytic semi-group is (
(Ω) was proved in [27] (see also [23] for RCD * (K, ∞)-spaces for some K ∈ R, or [12, Eq. (5.2)] for the spaces with a local measure doubling property and a local L 2 -Pincaré inequality, by the equivalence of the Sobolev norms in [15, 5, 3] and in [26, 27] ). Hence the operator (Id − ∆ Ω ) −1 is compact. The spectral theorem implies that spectrum is discrete (see, for example [18] ). We denote by
We normalize them so that φ Ω m 2 = 1 for each m ∈ N. It is well-known that the sequence {φ m } m∈N forms a complete basis of L 2 (Ω), and that the (local) Dirichlet heat flow is given by
where
is the (local) Dirichlet heat kernel (the fundamental solution of the heat equation with Dirichlet boundary value). The weak maximum principle implies the monotonicity of Dirichlet heat kernels with respect to domains. Namely, given two domains Ω ⊂ Ω ′ ⊂ X, we have
The existence and Gaussian bounds of the global heat kernels have been established in [50] on (X, d, µ). Thus for a sequence of balls {B R j (x 0 )} with R j ր ∞, the heat kernels
Let us recall the definition of the distributional Lapalacian.
Pointed measured Gromov-Hausdorff convergence.
A pointed metric measure space (X, d, µ, p) is a metric measure space (X, d, µ) with a base point p ∈ supp(µ). Recall that we always assume supp(µ) = X.
is less than ǫ, for almost all R > 0. Here the Levi metric ρ L (ν 1 , ν 2 ) < ǫ for two measures ν 1 , ν 2 if and only if for any δ > 0, the δ-neighborhood A δ of A, there hold
Such maps Φ ǫ,R j are called ǫ-mGH approximations. Remark that the Levi metric convergence is equivalent to the measure's weak convergence.
Recall that any RCD * (K, N)-space is a length space. The pointed measured Gromov-Hausdroff convergence on length spaces can be given as follows (see, for example, [23, Remark 3.29] ). 
is equivalent to the following: There exist sequences R j ր ∞, ǫ j ց 0 and Borel maps Φ j :
Given a sequence of points {x j ∈ X j } j∈N∪{∞} , we say that x j → x ∞ with respect to the sequences (ǫ j ) and maps (Φ j ) if and only if d ∞ x ∞ , Φ j (x j ) < ǫ j for all j ∈ N. Here both (ǫ j ) and (Φ j ) are given in the Proposition 2.9. Below, we will sometimes write x j → x ∞ without mention of the particular choices of (ǫ j ) and (Φ j ).
We refer the readers to [23] for some other notions of convergence for pointed metric measure spaces. We also consider the convergence of functions on a sequence of converging pointed metric measure spaces. Definition 2.10. Let (X j , d j , µ j , p j ) j∈N∪{∞} be a sequence of pointed metric measure spaces. Assume that all (X j , d j ) are length spaces and that
with the sequences (ǫ j ) with ǫ j ց 0 and maps (Φ j ) as in Proposition 2.9. Let R > 0. Suppose that { f j } j∈N∪{∞} is a sequence of Borel functions on B R (p j ). It is said that:
Remark 2.11. The pointwise and uniform convergence of functions defined on varying space have been given in [40] via an extrinsic point of view. This definition (i) is equivalent to the pointwise convergence in Definition 2.11 in [40] . If the limit function f ∞ is uniformly continuous on B R (p ∞ ), then this definition (ii) is equivalent to the uniform convergence in Definition 2.11 in [40] .
We remark that the Arzela-Ascoli theorem can be generalized to the case where the functions live on different spaces (see, for example, [37] or Proposition 2.12 in [40] ). We also need the following lemma: If
where 
Proof. For completeness, we sketch a proof. By using Lemma 2.12 to each f j , we can find a Lipschitz function g j on B R (p ∞ ) such that
and
where (Φ j ), (ǫ j ) are given in Proposition 2.9 and κ(ǫ j ) := κ N,K,R,C 1 (ǫ j ) → 0 as ǫ j → 0, and where the constant C 1 is in (2.10). Then, we get that
Now the assertion follows, by the lower semi-continuity of energy on a fixed space, see [15, Theorem 2.5].
The converge of Dirichlet heat kernels
In this section, we will discuss the convergence of the local Dirichlet heat kernels on different pointed metric measure spaces.
Convergence of functions living on pmGH-converging spaces.
We fix a sequence of pointed metric measure spaces (
Throughout of this subsection, we always assume that, for each j ∈ N, (X j , d j , µ j ) satisfies RCD * (K, N) for some K ∈ R and N 1. Then the limit space (X ∞ , d ∞ , µ ∞ ) does so, by the stability of the RCD * -condition under pmGH-convergence. Let us first introduce the notions of L 2 -convergence and H 1 -convergence for functions living on varying spaces X j . We will adapt an intrinsic point of view for the definitions, similar as in [19, 36, 29] . We refer also readers to [23, 6] for some similar concepts of convergence via an extrinsic point of view.
It is not hard to see that if [23] (see also [6] ). Indeed, by using the weak compactness of {f j } in L 2 (X j ) (see, page 1115 on [23] ), we get thatf j weakly L 2 -converge tof ∞ in the sense of [23] . From the definition 3.
Similar as in the case of functions on a fixed space, it is available that the dominated convergence theorem for functions living on pmGH-converging spaces. In particular, if { f j } j∈N∪{∞} is a sequence of functions such that f j → f ∞ over B R (p j ) at µ ∞ -almost all points in B R (p ∞ ) and that they are bounded uniformly, then
. For convenient, we will give some detailed information, in the Appendix A, for the dominated convergence theorem and Fatou's lemma for functions living on varying spaces.
Let us sum up some basis properties on these convergence. 
Proof. (i). From the density of the
Letg j be the zero extension of g j in X j for each j ∈ N. Namely,
Noticing thatg j weakly L 2 -converge tog ∞ in the sense of [23] (see also [6] ) and that
we obtain thatg ∞ ∈ H 1 (X ∞ ) and thatg ∞ = g ∞ µ ∞ -a.e. in B R (p ∞ ), and thatg ∞ = 0 µ ∞ -a.e. in X\B R (p ∞ ). Now we want to show g ∞ ∈ H 1 0 (B R (p ∞ )). Noting thatg ∞ is a 2-quasi continuous function and that
is an open set, we conclude, by [35, Theorem 3.2], thatg ∞ = 0 2-q.e. in X ∞ \B R (p ∞ ). By using the fact thatg ∞ = g ∞ µ ∞ -a.e. in B R (p ∞ ) and that µ ∞ (∂B R (p ∞ )) = 0, we haveg ∞ = g ∞ µ ∞ -a.e. in B R (p ∞ ). Hence, by Definition 2.4, we have g ∞ ∈ H 1 0 (B R (p ∞ )). At last, by using the assumption ∂B R (p ∞ ) = ∂ X ∞ \B R (p ∞ ) and Corollary 2.6, we conclude g ∞ ∈ H 1 0 (B R (p ∞ )).
(ii). From the density of the
, and hence g ∞ ∈ Lip(B R (p ∞ )) (since f ∞ ∈ Lip(B R (p ∞ )). We use Lemma 2.12 to lift a sequence of functionŝ g j ∈ Lip(B R (p j )) so that:
where κ(ε j ) depends on K, N, R and |∇g ∞ | L ∞ , and the maps Ψ j : B R (p ∞ ) → B R (p j ) are the ε j -mGH approximations. By (3.2) and the facts that f j → f ∞ uniformly over B R (p j ) and that
for each j ∈ N, and for some positive function κ 1 with lim t→0 κ 1 (t) = 0. We shall modifyĝ j slightly to (3.5)
Then we have, for each j ∈ N, that g j − f j ∈ Lip 0 (B R (p j )) and that, by (3.3)-(3.4) and (3.1),
From (3.5), we have g j −ĝ j L ∞ κ 1 (ε j ). The combination of this and (3.2) implies g j → g ∞ uniformly over B R (p j ).
By using (3.6) and the lower semi-continuity of energy, Lemma 2.13, we conclude that lim j→∞ |∇g j | 2 = |∇g ∞ | 2 . Thus we finish the proof of (ii). The proof is completed.
As a corollary, we have the following convergence for the solutions of Poisson equations living on varying spaces, which is due essentially to [19, 29, 51, 23] . 
Then we have
Proof. It suffices to show that for any ball B ⊂⊂ B R (p ∞ ) there holds L f ∞ = h ∞ · µ ∞ on B in the sense of distributions. Namely, f ∞ minimizes the functional
. We will argue by a contradiction. Suppose not, then there exists a ball B r (q ∞ ) ⊂⊂ B R (p ∞ ) such that f ∞ is not a minimizer of I B r (q ∞ ) ( f ). According to [15, Theorem 7.12] , there exists a function g ∞ ∈ H 1 (B r (q ∞ )) such that g ∞ − f ∞ ∈ H 1 0 (B r (q ∞ )) and that (3.8)
Note that f j ∈ Lip(B r (q j )) for each j ∈ N ∩ {∞}, and f j → f ∞ uniformly over B r (q j ). Recall that, on each B s 0 (p j ), we have |∇h j | C 1 and L f j = h j · µ j . Then, the localized Bochner formula [53, Theorem3.2] implies that
in the sense of distributions in B s 0 (p j ). Then we by (3.7) get that
where C 2 is a constant depending only on N, K, R, C s 0 and dist(B r (q j ), ∂B s 0 (p j )). By using Proposition 3.2 (ii) on B r (q j ) and noting that g ∞ − f ∞ ∈ H 1 0 (B r (q ∞ )), we obtain a sequence of functions g j ∈ H 1 (B r (q j )) such that g j → g ∞ in H 1 (B r (q j )) and that g j − f j ∈ H 1 0 (B r (q j )) for all j ∈ N. The combination of g j 
This contradicts to the lower semi-continuity of energy, Lemma 2.13, by noticing that f j → f ∞ uniformly over B r (q j ) and (3.9), and h j → h ∞ in L 2 (B r (q j )). The proof is completed.
Estimates of Dirichlet eigenvalues and eigenfunctions.
Let (X, d, µ) be a metric measure space satisfying RCD * (K, N) for some K ∈ R and N ∈ [1, ∞). Note that, for any N ′ > N and 
Proof. To simplify the notations, in this proof, we will denote by B R := B R (p) and
m . From the monotonicity of the heat kernels with respect to domains and (2.4)-(2.5), we have
By integrating over B R (x), we get, for each m ∈ N, that
and noting that λ m λ 1 C N,K,R for some constant C N,K,R (by the L 2 -Poincaré inequality on B R ), we conclude that
This implies the lower bounds in (3.11) .
The upper bounds in (3.11) can be proved by a comparison result for heat kernels of Cheng (see, for example, [19] ). Here we provide a simple argument as follows.
Fix any m ∈ N. We can find m points
where the function η(s) is given by
It is clear that B R ψ l ψ l ′ dµ = 0, for all 1 l l ′ m, and that, for any l = 1, 2, · · · , m,
where C D is the doubling constant of µ on B R , depending only on N, K and R. By the Rellich's compactness (see also [12 
By using the equation
in the sense of distributions in B R . The Nash-De Gorgi-Moser iteration implies that
The proof is finished. 3.3. The convergence of heat kernels.
Let K 0 and N 3 and let (X j , d j , µ j ) j∈N∪{∞} be a sequence of metric measure spaces so that (X j , d j , µ j ) satisfying RCD * (K, N) for each j ∈ N. Take points p j ∈ X j , for all j ∈ N ∪ {∞}. We assume that
Hence, the (X ∞ , d ∞ , µ ∞ ) satisfies still RCD * (K, N) (see [20] ).
Fix a > 2 and R > 0 with R ∈ (0, diam(X j )/a) for all j ∈ N. For each j ∈ N, we denote by λ 
By using Lemma 3.4 and Lemma 3.5, we can assume that, after passing to a subsequence, (say j k ,), for each fixed m ∈ N, the eigenvalues and eigenfunctions converge: where the convergence of φ
) and is also uniformly in B r (p j ), for any r ∈ (0, R), by Lemma 3.5 and the Arzela-Ascoli theorem.
∞ with an associated eigenfunction φ m,∞ . Moreover, the convergence φ
m, j , by using Lemma 3.4 and Proposition 3.2 (i), we have φ m,∞ ∈ H 1 0 (B R (p ∞ )). By applying Corollary 3.3 and (3.12), we conclude that
∞ ) and that (3.15) holds. This proves the first assertion. For the second assertion, we need only to show The following is the crucial point in this section.
Proof. According to Lemma 3.6, it suffices to show that all of eigenfunctions of ∆ 
Let σ ∞ be the eigenvalue of ∆
∞ with respect to ψ ∞ . Define (3.19) m 0 := max m ∈ N : λ m,∞ 2σ ∞ + 2 .
By Proposition 3.2 (ii), we can lift ψ ∞ to a sequence of functions
is a complete basis in L 2 , we denote the Fourier expansion of ψ j w.r.t. {φ m, j } by
By combining with ψ j → ψ ∞ in H 1 (B R (p j )) and λ m, j → λ m,∞ as j → ∞, for any given ǫ ∈ (0, 1), there exists some j 0 = j 0 (m 0 , ǫ) > 0 such that for all j j 0 we have that
(where we have used ψ ∞ 2 = 1 and ∇ψ ∞ 2 2 = σ ∞ ,) and that
From (3.21)-(3.22) and (3.23), we get that, for all j j 0 ,
The combination of this and (3.24) implies that
This is impossible when ǫ is small enough. The proof is finished.
This Lemma states that {λ m,∞ , φ m,∞ } m∈N is the complete spectral system of ∆ (R) ∞ . Hence, the limit of the convergence in (3.13) is unique and does not depend of the choice of subsequence j k . So the Dirichlet heat kernel of B R (p ∞ ), in fact, is
Therefore, we have obtained:
j (x, y, t) be the Dirichlet heat kernel on B R (p j ) for all j ∈ N ∪ {∞}. Then for any fixed t > 0, we have that H
In particular, the local spectral convergence, Proposition 1.3, holds.
Remark that an L 2 -convergence theorem for global heat flows on (X j , d j , µ j ) was proved in [23] . An H 1 -convergence theorem for local heat flows has been recently obtained by Ambrosio-Honda in [7] . Lemma 3.9. Let (X, d, µ, p) be a pointed metric measure space with RCD * (K, N) for some K ∈ R and N 3. Let H (R) (x, y, t) be the Dirichlet heat kernel on B R (p). Then, for any t > 0, there exists a constant some constant C N,K,t > 0 such that for all R ′ R R 0 := max 5t, √ 5Nt/2 , we have that
and that
Proof. Let H(x, y, t) be the heat kernel on (X, d, µ) . Recalling the monotonicity of heat kernels with respect to domains that
and combining with the upper bound of H, (2.5), we have 29) where B r := B r (p), and we have used the maximum principle for the first inequality, since both H(·, p, ·) and H (R) (·, p, ·) are weak solutions of the heat equation on B R × (0, ∞) with the same initial data. From the local measure doubling property (2.4), we have
If R 2 5Nt/2, then we by
The combination of (3.29)-(3.31) yields that
for any R R 0 := max 5t, √ 5Nt/2 . Now the assertion (3.26) comes from (3.28) and (3.32). The generalized Bishop-Gromov inequality (2.2) for RCD * (K, N)-space implies that, for all j 1 and all R √ t, 
The combination of this and (3.28) implies (3.27) . The proof is finished.
As a consequence, we have the convergence of heat kernels as follows.
Corollary 3.10. For any R large enough, we assume that
j (x, y, t) be the Dirichlet heat kernel on B R j (p j ) for all j ∈ N ∪ {∞}. Then for any fixed t > 0, the convergence H This corollary in the special case where (M n j , g j , vol j , p j ) are a sequence of smooth n-dimensional Riemannian manifolds with Ric −k and vol j (B 1 (p 1 )) v 0 > 0, was earlier obtained by Ding [19] . A pointed converging theorem for global heat kernels on RCD * (K, N) spaces was recently given in [8] . 
Weyl's law
In this section, we fix a metric measure space (X, d, µ) satisfying RCD * (K, N) for some K ∈ R and N ∈ [1, ∞). Without loss the generality, we can assume that K 0 and N 3 in the following.
Let p ∈ X and r ∈ (0, 1), we consider the rescaled and normalized pointed metric measure space (X, d r , µ p r , p), where
By the measure doubling property, we have
where C D is the doubling constant on B r (p). Indeed, for any r > 0, we have 
This implies immediately that
The set of all the tangent cones at p is denoted by Tan (X, d, µ, p) . Remark that a tangent cone at p may depend on the choice of the sequence {r j }.
A point p ∈ X, is called a k-regular point if the tangent cones at p is unique and if
where d E is the standard Euclidean metric of R k and L k is the k-dimensional Lebesgue measure normalized so that B 1 (0) (1 − |x|)dL k (x) = 1. We denote by R k := all of k-regular points of (X, d, µ). Very recently, a structure theorem of RCD * (K, N)-spaces has been given by Mondino-Naber [40] , and by Kell-Mondino [34] , Gigli-Pasqualetto [24] and De Phillipis al. [17] . 
Let us recall that the
where ω k is the volume of the unit ball in R k (under the standard Lebesgue's measure). From Theorem 4.2 (ii) and (iii), we conclude that, for µ-almost all p ∈ R k , the limit (4.3) exists and is in (0, ∞), and that
Indeed, by the fact µ| R k is a k-rectifiable measure, we by [9, Theorem 5.4] have that µ| R k = θ k · H k for some non-negative H k -integrable function θ k , and moreover,
On the other hand, R k has density 1 µ-almost all p ∈ R k , that is
By using the fact µ| R k ≪ H k again and combining with the above two equalities, we get that, for µ-almost all p ∈ R k , the limit of (4.3) exists and θ k (p) = θ k (p) for µ-almost all points in R k (see also [16, Theorem 2.12] ).
Lemma 4.3. For µ-almost all p ∈ R k , we have 
That is,
Example 2: Let (X, d, µ) be a metric measure space. Suppose that µ is k 0 −noncollapsing on Ω of scale r 0 . Assume that ν is another Radon measure such that
for some constant C > 0. Then ν is also k 0 −noncollapsing on Ω of scale r 0 . 
Assume that µ is k 0 -noncollapsing on Ω of scale r 0 for some k 0 ∈ (0, k max ] and some r 0 > 0. Then we have the asymptotic formula of Dirichlet eigenvalues
where N Ω (λ) := #{λ Ω j : λ Ω j λ}, and Γ(s) is the Gamma function.
Proof. By the upper bounds of the heat kernel (2.5), we have that, for any t 1,
.
In the following, we denote by k m := k max . Since k m k 0 , we know that µ is also k m −noncollapsing on Ω of scale r 0 . Fix any ε > 0 and let δ > 0 be given in the definition of k m −noncollapsing on Ω of scale r 0 . From Lemma 4.4 and Egorov's Theorem, there exists a µ-measurable set E with µ(E) < δ such that
Hence, by using (4.14) and the fact that µ is k m −noncollapsing on Ω of scale r 0 , we get 
Therefore, letting ε → 0, we conclude that
By the same argument as deducing (4.15), we obtain 
where, in the second equality, we have used the fact that µ(Ω ∩ R j ′ ) = 0 for any j ′ > k m . Finally, by applying the Karamata Tauberian theorem, we have
The proof is finished. Appendix A. Dominated convergence theorem and Fatou's lemma on pmGH-converging spaces Dominated convergence theorem and Fatou's lemma are among the most important assertions in all of analysis. In this appendix, we will give an introduction of them for functions defined on a sequence of pmGH-converging metric measure spaces. They are well-known for experts.
Let (X j , d j , µ j , p j ), j ∈ N ∪ {∞}, be a sequence of pointed metric measure spaces. In this appendix, we always assume that (A.1) all of (X j , d j ) are length spaces and (X j , d j , µ j , p j )
Please see Proposition 2.9 for the definitions of pointed measured Gromov-Hausdorff convergence (pmGHconvergence).
Definition A.1. Let R > 0. Let { f j } be a sequence of Borel functions defined on B R (p j ) for each j ∈ N ∪ {∞}. We say that if lim inf j→∞ f j (x j ) f ∞ (x ∞ ) holds for any sequence {x j } j∈N converging to x ∞ . More precisely, by letting (Φ j ) and (ǫ j ) be given in Proposition 2.9, (A.2) means the following: for any ε > 0, there exists N(ε, x ∞ ) ∈ N such that (A. 3) inf
for any ℓ k 0 . Thus, by the weak convergence (Φ ℓ ) ♯ µ ℓ ⇀ µ ∞ on B R (p ∞ ) and Lemma A.3, we conclude that, for any fixed ε > 0,
At last, letting ε → 0 and noting that f ∞ ∈ L 1 ((B R (p ∞ )), the assertion (A.5) comes from the combination of (A.6) and (A.8). The proof is finished.
From this, it is not hard to deduce the dominated converge theorem for functions living on a sequence of pmGH-converging spaces as following. Proof. By using Proposition A.2 to both | f j | and F j − | f j |, the assertion follows. 
